We constrain the neutrino mass in f (R) gravity using the latest observations from the Planck, BAO and BICEP2 data. We find that the measurement on the B-modes can break the degeneracy between the massive neutrinos and the f (R) gravity. We find a non-zero value of the Compton wavelengths B0 at a 68% confidence level for the f (R) model in the presence of massive neutrinos when the BICEP2 data is used. Furthermore, the tension on the tensor-to-scalar ratios between the measured values from Plank and BICEP2 is significantly reconciled in our model.
I. INTRODUCTION
The detected neutrino oscillations in atmospheric, solar and reactor neutrino experiments [1] implies that neutrino has a nonzero absolute mass. If the neutrino does have the absolute mass, it will be the lowest energy particle in the extensions of the Standard Model of particle physics. The determination of the neutrino mass therefore is one of the greatest unsolved problems in modern physics. However, the neutrino experiments are able to place a lower limit on the effective neutrino mass, which depends on the hierarchy of the neutrino mass spectra [2] (also see [3] for reviews). The laboratory experiments cannot exactly pin down the absolute mass scale of neutrinos.
On the other hand, cosmological constraints on the neutrino mass are highly complementary to particle physics. Cosmology provides a unique laboratory for studying neutrino mass. The neutrino mass has already been constrained up to an unprecedented accuracy simply by the cosmological probes [4] . It is even more promising that the allowed neutrino mass window could be closed by forthcoming cosmological surveys [5] . Despite the notable success in this effort, the cosmological neutrino constraints are highly model dependent. The current constraints are usually obtained in the context of a ΛCDM model or a dynamical dark energy model [4] . It is important to test the robustness of such constraints against assumptions about the nature of gravity and dark energy. The observed cosmic acceleration may also be explained without dark energy if our theory of gravity is modified. It is therefore reasonable to study cosmological neutrino constraints in the framework of modified gravity. The impact of massive neutrinos on the linear growth history in the f (R) gravity has been studied in the literature [6] [7] [8] [9] . Strong degeneracy has been found between the late time growth of the f (R) gravity and the massive neutrinos [6] [7] [8] [9] . Such degeneracy has also been found at the non-linear level based on N-body simulations [10] . Thus, tighter constraints on the neutrino mass can only be achieved if there is an independent constraint on the neutrino mass or the modified gravity models are well constrained by the local tests of gravity.
Very recently, BICEP2 group have announced a robust detection on the B−mode power spectrum in the cosmic microwave background(CMB) at a significance of > 5σ [11] . The finding provides the long-sought evidence of inflation and the first detection of gravitational waves' action on matter. The detection of gravitational waves also provide an unique opportunity to break the degeneracy between the massive neutrino and modified gravity. The reason for this is that, as we shall show later in this paper, the f (R) gravity has insignificant impact on the evolution of the tensor perturbation. However, the massive neutrinos contribute directly to the anisotropic stress and has direct impact on the angular power spectra of the B-mode. The measurement of the B-modes thus can break the degeneracy between the massive neutrinos and modified gravity. The aim of this paper is therefore to test the robustness of the measurement of the B-modes from BICEP2 in breaking such degeneracy. We will discuss the tensor perturbation in the f (R) gravity first and then constrain the neutrino mass using the observations from BICEP2 [11] , Planck [12] and Baryon Acoustic Oscillations (BAO) surveys. This paper is organized as follows: in Sec. II, we will briefly introduce our f (R) model and review the tensor perturbation in the f (R) gravity. In Sec. III, we will introduce the observational data used in our analysis. In Sec. IV, we will present the fitting results for our f (R) model. In Sec. V, we will summarize and conclude this work.
II. TENSOR PERTURBATION IN f (R) GRAVITY
We consider the action as
where κ 2 = 8πG with G being Newton's constant. g is the determinant of the metric g µν . L (m) is the Lagrangian density for the matter fields. f (R) is an arbitrary function of the Ricci scalar curvature R [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . For the background cosmological evolution, we consider the Friedmann-Robertson-Walker metric
where dσ 2 is the conformal space-like hypersurface with a constant curvature R (3) = 6K
The modified equation of motion for the Universe is given by [25] 
where
dR , the dot denotes the time derivative with respect to the cosmic time t and ρ is the total energy density of the matter fields. p is the total pressure in the Universe. In this work, we study a specific family of f (R) models that have the same background as the ΛCDM model [26] . Equation (4) can be solved numerically given the initial condition at the deep matter dominated epoch [27] 
where x = ln a and the index is defined by
12 . D is a free parameter that characterizes the f (R) model. This family of f (R) models can also be equivalently characterized by the Compton wavelengths in units of the Hubble scale [28] 
We choose the initial time for Eq. (5) at a i = 0.02.
For the perturbed spacetime, we consider both the scalar perturbation and the tensor perturbation. The scalar perturbation within the framework of f (R) gravity has been well studied in Ref. [27] as well as Refs. [29, 30] . Readers are referred to these papers for details. For simplicity, we will not present and repeat here. In this work, we will only focus on the tensor perturbation.
The perturbed line element for the tensor perturbation is given by
where τ is the conformal time. H T ij is a traceless(H
In the fourier space, the perturbed modified Einstein equation yields the modified wave equation for gravitational waves [31] 
where F is the background scalar field and the prime denotes the derivative with respect to the conformal time τ . π (2) is the anisotropic stress. From Eq.(8), we can see that the f (R) gravity affects the tensor perturbation H T only through the background field F . At early times, this effect can be neglected because the viable f (R) models should go back to the ΛCDM model at early times lim R→ +∞F → 1. On the other hand, the massive neutrinos contribute directly to the anisotropic stress π (2) , substantially changing the evolution of H T . The massive neutrinos has significant impact on the B-mode of the CMB angular power spectra. The degeneracy between the f (R) gravity and massive neutrinos hence no longer exists in the tensor perturbations. The measurement of the B-mode therefore is a promising way to constrain the massive neutrinos in the f (R) gravity. In practice, we solve Eq.(8) numerically basing on our FRcamb code [27] [32]. We choose the initial time for the scalar field F starting to enter Eq.(8) at a ini = 0.02, before which we set F = 1 and F = 0. Along with our previous work studying the linear scalar perturbations in the f (R) gravity [27] , our current work completes the tensor perturbation in our FRcamb code [32] .
III. CURRENT OBSERVATIONAL DATA
In this work, we use three probes from the measurements of the CMB, including the Planck [12] , BICEP2 [11] , and the high-l data from the Atacama Cosmology Telescope(ACT) [33] and the South Pole Telescope(SPT) [34] . For the Planck data, we only use the data on the temperature angular power spectra. We do not include the CMB lensing data from the Planck in our analysis. For the BICEPE2 data, we adopt 9 bins of E and B polarization data in the range of 30 < l < 150. In our analysis, we also use the WMAP nine-year polarization data [35] along with the Planck temperature data.
Since the family of f (R) model studied in this work does not change the scales of the BAO peak in the real spacetime [8, 27] , in addition to the CMB data, we also use the measurements from the BAO surveys. The BAO surveys measure the distance ratio between r s (z drag ) and D v (z), where r s (z drag ) is the comoving sound horizon at the baryon drag epoch and D v (z) is a combination of the angular-diameter distance D A (z) and the Hubble parameter H(z).
We adopt the BAO measurements from four different redshift surveys, following the analysis by the Planck team [12] :the BOSS DR9 measurement [36] at z = 0.57; the 6dF Galaxy Survey measurement [37] at z = 0.1 ; the WiggleZ measurement [38] at z = 0.44, 0.60 and 0.73; the SDSS DR7 measurement [39] at z = 0.2 and z = 0.35 . 
IV. NUMERICAL RESULTS
We implement the Markov Chain Monte Carlo analysis on the parameter space for our model, basing on the public available code COSMOMC [40] as well as our FRcamb code [27] [32] which is a modified version of the CAMB code [41] . Our code now has been updated to include the tensor perturbation in the f (R) gravity. The parameter space of our model is
where Ω b h 2 and Ω c h 2 are the physical baryon and cold dark matter energy densities respectively, A s is the amplitude of the primordial curvature perturbation, 100θ MC is the angular size of the acoustic horizon, n s is the scalar spectrum power-law index, τ is the optical depth due to reionization, m ν is the sum of neutrino mass in eV. r is the tensor to scalar ratio. The pivot scale is set at k s0 = 0.05Mpc −1 . In this work, we only focus on the total mass of active neutrinos since the family of f (R) models studied in this work has less impact on the effective number of neutrino-like relativistic degrees of freedom N eff [8] . N eff is of less interest in our analysis. We set N eff = 3.046 throughout this work. Further, we do not treat the tensor spectrum power-law index n t as a free parameter. We adopt the inflation consistency relation n t = −A t /(8A s ) in this work. We will sample the parameter D directly and treat B 0 as a derived parameter. The priors for the cosmological parameters are listed in table I.
First, we shall reinvestigate the degeneracy between the parameters B 0 and the total neutrino mass m ν in the f (R) gravity. For this purpose, we constrain our model without considering the tensor perturbation in the first place. We use the data sets of Planck+WP+BAO combination. We present the fitting results in Table II. In Fig.2 , we show the contour of the marginalized two-dimensional likelihood for B 0 and m ν . The fitting results and the shape of the contour are slightly different from our previous work [8] due to the slight change in the initial condition for the starting time of the f (R) gravity from a ini = 0.03 to a ini = 0.02 in this work. As discussed in Ref. [8] , the degeneracy between B 0 and m ν sharpens, if B 0 1, due to the compensation of the impact on the ISW effect between the massive neutrinos and the f (R) gravity. Clearly, in Fig. 2 there is a long tail in the contour as B 0 > 1. The degeneracy thus is clearly shown in the contour. The poor constraints on the massive Parameters Planck+WP+BAO(no tensor) Planck+WP+BAO Planck+WP+BAO+HighL(no tensor) Planck+WP+BAO+HighL
TABLE III. Constraints on the total mass of active neutrinos mν and B0.
Parameters Planck+WP+BAO Planck+WP+BAO+BICEP2 Planck+WP+BAO+HighL Planck+WP+BAO+HighL+BICEP2
neutrinos in the f (R) gravity relative to the case in the ΛCDM model even using the same date sets are due to such degeneracy. Next, in order to get tighter constraints on the massive neutrinos, we add the HighL data. The fitting results are listed in Table II . The data sets of Planck+WP+BAO+HighL combination yields the tightest constrains on the total mass of neutrinos in this work
The result is slightly different from our previous work [8] in which we have obtained m ν < 0.46eV. The difference is due to the slight change in the initial conditions. However, it has only minor effect on the fitting results. The result is still larger by a factor of two than that obtained in the ΛCDM case
as reported by the Planck team [12] . Next, we investigate the impact of the tensor perturbation on the constraints of the massive neutrinos in the f (R) gravity. For comparison, we use the same data sets and combinations as used in the previous analysis. The fitting results are shown in Table II. In Fig.1 , we overplot the contours with the tensor perturbation for B 0 and m ν . We can see that the tensor perturbation slightly looses the constraints on both B 0 and m ν in the case without the HighL data. The degeneracy is alleviated by including the tensor perturbation in the computation. Now we turn to investigate the effect of the BICEP2 data on the fitting results. The BICEP2 data has significant measurement on the B-modes and is expected to be able to break the degeneracy between the massive neutrinos and the f (R) gravity. The numerical results are shown in Table III . In Fig. 2 , we show the contours of the marginalized two-dimensional likelihood for B 0 and m ν with the BICEP2 data and also compare them with the results that are obtained without using the BICEP2 data. From  Fig. 2 , we can see that when adding the BICEP2 data, the size and shape of the 1σ and 2σ contours are significantly changed, compared with these contours without using the BICEP2 data. It is very interesting to find that contrary to intuition, when adding the BICEP2 data, instead of tightening the constraints, we find looser constraints on both the massive neutrinos and the f (R) gravity at the 95% confidence level.
(95%C.L.; Planck + WP + BAO + HighL + BICEP2) .
The BICEP2 data apparently does not tend to break the degeneracy between B 0 and m ν . In fact, the BICEP2 data does break the degeneracy between the massive neutrinos and the f (R) gravity. The BICEP2 data tends to favour a non-zero value for the massive neutrino at around ∼ 0.3eV in the f (R) gravity despite this feature does not show up in the fitting results for the ΛCDM model [43, 44] . In the ΛCDM case, there is no strong degeneracy among massive neutrinos and other cosmological parameters as that in the f (R) gravity. The massive neutrinos can be strongly constrained by the Planck and BAO data. The BICEP2 data does not significantly affect other cosmological parameters except for the tensor to scalar ratio r [43] . The effect of the BICEP2 data only becomes manifest when the data sets such as the Planck and BAO data fail to break the degeneracy associated with the massive neutrinos(e.g. the f (R) gravity case). In order to show this point, in Fig. 3 we present the one-dimensional marginalized likelihood for the parameters m ν and B 0 . In the left panel of Fig. 3 , it is evident that the probability functions for the constraints with the BICEP2 data on m ν have significant secondary peaks, which indicates that the BICEP2 data tends to favour a non-zero value for the neutrino mass at around m ν ∼ 0.3eV in the f (R) gravity. Meanwhile, a non-zero value for the Compton wavelengths B 0 is also favoured at 1σ confidence level by the BICEP2 data, as shown in the right panel of Fig. 3 . The best-fitted values for B 0 at the 68% confidence level are However, the degeneracy between m ν and B 0 is not fully broken at the 95% confidence level due to the insufficient accuracy of the measurement on the B-modes at the moment. Finally, we shall examine whether the f (R) model, in the presence of massive neutrinos, can help to reconcile the tension on the tensor-to-scalar ratios between the measured values from Plank and BICEP2 as reported in the literature [43, 44] . The fitting results on the ratio r 0.002 at the pivot scale k s0 = 0.002Mpc 
In Fig. 4 , we show the marginalized two-dimensional likelihood (1, 2σ contours) constraints on r 0.002 and n s . It is very interesting to find that the tension on the tensor-to-scalar ratio between Plank and BICEP2 is significantly reconciled in our model. The 1σ range of the contours from Planck and BICEP2 overlap with each other in both cases with and without including the HighL data sets.
V. CONCLUSIONS
In this study, we have constrained the neutrino mass in the f (R) gravity by using the latest observations from the Planck, BAO and BICEP2 data. We find that the measurement on the B-modes is a promising way to break the degeneracy between the massive neutrinos and the f (R) gravity in the linear growth history. The tension on the tensor-to-scalar ratios between the measured values from Plank and BICEP2 is significantly reconciled in our model. We also find a large and non-zero value of the Compton wavelengths B 0 at 1σ confidence level for the f (R) model in the presence of massive neutrinos when the BICEP2 data is used. However, this large value of the Compton wavelengths B 0 could be in tension with the stringent local [45] and astronomical [46] tests of gravity despite the current analysis of these tests does not take into account the effect of massive neutrinos. To evaluate the effect of massive neutrinos in the local tests of gravity is an object of our future work.
